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CHAPTER 3

HOW TO AUGMENT A FORMAL SYSTEM WITH A BOOLEAN
ALGEBRA COMPONENT

1. INTRODUCTION

Reasoning with Boolean Algebras is just propositional reasoning. This is well
investigated and a lot of good algorithms have been developed. Other for-
mal systems, for example mathematical programming for reasoning about
arithmetical equation systems, are equally well developed. Combining such a
system with a Boolean component where the Boolean expressions are inter-
preted as sets, would allow one to use arithmetical algorithms to reason about
numerical features of sets.

In this chapter we introduce the atomic decomposition technique as a
means to combine computation and reasoning in a given formal system with
reasoning about Boolean Algebras and features of the elements of the Boolean
Algebra which make sense in the given basic system. Propositional reasoning
is invoked in a kind of compilation phase which eliminates the Boolean Alge-
bra part of the problem completely and shifts the main reasoning problem to
the basic system. The decomposition method works for combinations of for-
mal systems with a Boolean Algebra component, where the Boolean terms
are embedded inbridging functionsmapping the Boolean parts to objects the
given formal system can understand.

Before we start developing the mathematical part, let us introduce the ba-
sic idea with a simple example.

1.1. An Introductory Example

If Henry has two sons and three daughters, he has five children. In a formal
language we can state this as

jsonsj = 2^ jdaughtersj = 3! jchildrenj = 5(3.1)

wherej : : : j denotes the set cardinality function. Checking the validity of this
formula involves a combination of Boolean reasoning with arithmetic equa-
tion solving. Without further information, sons, daughters and children can
be arbitrary sets having arbitrary overlaps with each other. Therefore impli-
cation (3.1) is not valid in general.
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Figure 1. A general set structure

Figure 1 shows the most general way, three different sets can overlap with
each other. As one can see, the three sets can be built up from seven mutually
disjoint and unseparated areas. We gave these areas names with the following
meaning:

c = children, not sons, not daughters.

s= sons, not children, not daughters.

d = daughters, not children, not sons.

cs= children, which are sons, not daughters.

cd = children, which are daughters, not sons.

sd= sons, which are daughters, not children.

csd= children, which are both sons and daughters.

The original sets can now be obtained from their “atomic” components:

children = c[cs[cd[csd

sons = s[cs[sd[csd

daughters = d[cd[sd[csd:

Moreover, since this decomposition is mutually disjoint and exhaustive, the
cardinalities of the sets just add up:

jchildrenj = jcj+ jcsj+ jcdj+ jcsdj

jsonsj = jsj+ jcsj+ jsdj+ jcsdj

jdaughtersj = jdj+ jcdj+ jsdj+ jcsdj:
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Formula (3.1) can now be rewritten into

jsj+ jcsj+ jsdj+ jcsdj= 2^ jdj+ jcdj+ jsdj+ jcsdj= 3
! jcj+ jcsj+ jcdj+ jcsdj= 5

(3.2)

or by dropping the cardinality functionj:::j

s+cs+sd+csd= 2^ d+cd+sd+csd= 3
! c+cs+cd+csd= 5:

(3.3)

In (3.3) we interpret the symbolsc;s; : : : directly as the numbers denoting the
cardinality of the corresponding sets. This makes sense because the sets are
finite and mutually disjoint. This way, problem (3.1) has been transformed
into a pure non-negative linear Diophantine equation problem. Diophantine
equations are equations with integer-valued variables. They are calledlin-
ear if no products of different variables occur andnon-negativeif variables
are constrained to non-negative integers. Formula (3.3), of course, is still not
valid. Further information is necessary.

children
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cs cd
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Figure 2. The correct subset relationships.

First of all we add the subset information. Both sons and daughters are chil-
dren. This means the first picture was a bit too general. We are in a more
specific situation which is depicted in figure 2. Here all sets not containingc
are empty reflecting the subset information. That meanss= 0, d = 0, sd= 0
holds and we can simplify problem (3.3) to

cs+csd= 2^ cd+csd= 3 ! c+cs+cd+csd= 5:(3.4)

which is still not valid. The next piece of information, we need, is that there
are no hermaphrodites. This means the intersection of sons and daughters is
empty:csd= 0. We obtain

cs= 2^ cd= 3 ! c+cs+cd= 5:
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Finally, we exploit the fact that there are no other types of children besides
sons and daughters, i.e.c= 0. We end up with

cs= 2^ cd= 3 ! cs+cd= 5(3.5)

and this is in fact valid.
We get a more abstract view of what we did, if we change the argumen-

tation slightly. The information thatchildren are partitioned intosonsand
daughterscan be represented as propositional formulae:

sons! children daughters! children
children! sons_daughters sons!:daughters:

(3.6)

There are only three propositional models of these formulae:
fchildren;sons;:daughtersg; fchildren;daughters;:sonsg and
f:children;:sons;:daughtersg.

The first one corresponds to the set of sons only, the second one to the
set of daughters only and the third one to all other objects which are not
children. This triggers the decomposition ofjchildrenj into jcsj+ jcdj, jsonsj
into jcsj andjdaughtersj into jcdj (the negated propositions in the models can
be ignored). Built into the decomposition is the information contained in the
propositional axioms (3.6). These axioms are therefore not needed any longer.
The decomposed sets are completely independent of each other. Therefore
terms likejcsj can be treated like integer variables with the constraintjcsj � 0.
This way even the cardinality function is not needed any longer. The whole
problem has been reduced to a pure equational reasoning problem.

1.2. Boolean Algebras

The introductory example illustrates the basic idea of the method. Combining
propositional reasoning with arithmetic equation solving, however, is only
one application of the atomic decomposition. The method can be described
in a much more abstract way leading to a wider range of applications. For
an appropriate mathematical treatment of the abstract method we need some
basic facts and results about Boolean Algebras which may not be familiar
to the average reader. Therefore we summarise the material about Boolean
Algebras which is relevant for the purposes of this paper. Details can be found
in every modern textbook about lattice theory and Boolean Algebra.

A Boolean AlgebraA = (DA;?A;>A;uA;tA;
0A ) consist of a non-empty

domain DA, two distinguished elements?A and>A, the two binary functions
uA (meet) andtA (join) and the inverse function0A. They observe the familiar
laws commutativity, associativity, distributivity foruA andtA, the absorption
laws foruA andtA and the inverse law for0A.
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Figure 2.

Examples for Boolean Algebras are the two element Boolean Algebra2
consisting of just(?;>), the powerset algebra 2S of some basic setS, or the
equivalence classes of propositional formulae (the Lindenbaum algebra for
propositional logic).

A partial order xvA y iff xuA y = x can be introduced. It makes?A the
smallest element and>A the largest element. Adifference function xnA y =def

xuA y0A is also very common.
Figure 1.2 shows a very intuitive picture of a Boolean Algebra with small-

est element? and largest element>.
A Boolean Algebra isgeneratedby a setP of objects if all its elements

can be obtained by meets, joins and the inverse of elements ofP. It is finitely
generatedif P is finite. The Lindenbaum algebra of propositional logic is
generated from the set of Boolean variables.

A smallest element above? is called anatom in a Boolean Algebra.
(There also ‘anti-atoms’. These are the biggest elements below>.) A Boolean
Algebra iscompleteiff it contains all (infinite) meets and joins. It isatomic
iff all its elementsx can be obtained as the join of all the atoms belowx, i.e.

x=
G

avAx; a atomic
a:(3.7)

Finite Boolean Algebras are always complete and atomic. The powerset al-
gebra is also complete and atomic. Its atoms are the singleton sets.

A filter F in a Boolean AlgebraA is a proper subset which is upwards
closed and contains all meets. (The dual concept to a filter is anideal). An ul-
trafilter is a maximal filter. An ultrafiltersF is characterized by the following
properties:
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1. for each elementx in A, eitherx2 F or x0 2 F .

2. xuy2 F iff x2 F andy2 F.

3. xty2 F iff x2 F or y2 F.

4. > 2 F.

Because of condition 1, an ultrafilterF cuts a Boolean Algebra in two halfs,
the set of elements which are inF and the set of elements which are not inF.
This actually induces a homomorphismhF from A into the binary algebra2.

THEOREM 1.1. (Stone’s Representation Theorem (Stone, 1936)).
For every Boolean Algebra A there is an isomorphismι between A and the

Boolean Algebra of the set of sets of ultrafilters of A:

ι(x) =def fF j F is an ultrafilter in A and x2 Fg:

Let ι(A) be the corresponding set algebra‘ isomorphic to A.

If A is complete and atomic thenι mapsA to the full powerset algebra
of its ultrafilters, otherwiseι is only an embedding into it. The ultrafilters in
A are actually the atoms inι(A). If A is complete and atomic, andF is an
ultrafilter thenι�1(fFg) is an atom inA.

2. SYNTAX OF THE LANGUAGES INVOLVED

We need three components in the syntax. The first component of our syntax
is the languageLE of some basic systemE which we want to augment with
a Boolean component. In order to cover as many systems as possible, we
do not specifyE in detail. The only requirement is thatLE has constant and
function symbols, or free variables, which can be existentially quantified. The
systemE may be very concrete in the sense that everything except the free
variables has a fixed meaning. Typical examples forE are systems of arith-
metical equations and inequations, butE may be any other suitable formal
system.

The second component is the Boolean Algebra component. It is specified
in the usual way.

Given a setP of Boolean variables, the Boolean term language is:

LB(P) ::= P j LB(P)uLB(P) j LB(P)tLB(P) j LB(P)
0:

Other functions, for example set differencen, can be defined as abbreviations
in the language.
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Important:LB(P) andLE need not share any symbols!
A Boolean axiomis of the formc=> wherec2 LB(P).
xv y can be used as an abbreviation forx0ty=> andx= y can be used

for x0ty=> together withy0tx=>.

EXAMPLE 2.1. If P = fchildren;sons;daughtersg then
fsonsudaughters;childrentsons0g � LB(P), ‘sonsv children’ and
‘daughtersv children’ are Boolean axioms.

As a bridge between these two languagesLE andLB(P) we need a distin-
guished setF of bridging functions, different from all other symbols involved.
A typical example for a bridging function is the cardinality function mapping
sets to integers. A bridging function symbol may have any finite arity. Each
argument position, however, can take either a Boolean term as argument, or
an LE-term. For convenience, we assume that a bridging function of arity
n+ k reserves the firstn arguments for Boolean terms and the remainingk
arguments forLE-terms.

The combined language is defined as follows:

DEFINITION 2.2. (The combined languageLBE(P)).
If s[x] 2 LE where x is some term occurring at some position in s, f2 F with
arity n+k, t1; : : : ; tn2LB(P), s1; : : : ;sm2LE then s[x= f (t1; : : : ; tn;s1; : : : ;sk)]2
LBE(P). No other terms are inLBE(P).

LBE(P) is essentially likeLE, but LE-term positions can be occupied by
LB(P)-terms embedded in a bridging function. The combined language is
such that the Boolean parts and theLE-parts are separated by the functions in
F. The Boolean part is the lower part in the term tree, then there comes some
bridging function and the upper part belongs toLE.

EXAMPLE 2.3. E = arithmetic, F= fj:j; f ;a;cg with the informal mean-
ing: j:j is the set cardinality function, f means ‘combined fortune’, a means
‘average income’ and the binary function c means ‘consumption of’. Well
formedLBE(P) axioms are now
jsonst f riendsj � 5

(there are more than 5 sons and friends.)
f (children) � 100000

(the combined fortune of the children exceeds 100000.)
a(daughters) = 10000

(the average income of the daughters is 10000.)
c(childrent f riends;cigarettes) = 0

(The children and friends do not smoke cigarettes.)
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Bridging functions are instances of Dov Gabbay’s fibring functions, he
introduced for combining different logical systems (Gabbay, 1996; Gabbay,
1998). In Gabbay’s fibring approach, these functions are objects in the seman-
tics of the combined language. They link models of the component languages
with each other. In our system these functions have a syntactic representa-
tion, which means that one can specify their properties and reason with them
explicitly.

3. SEMANTICS OF THELANGUAGES INVOLVED

The languageLE comes with its natural semantics. The only feature we need
is that an interpretationℑE for E maps the free variables and constant symbols
to elements ofE’s domain and interprets function symbols as functions in
the usual way. In an arithmetical language,ℑE may for example represent a
solution of an equation system.

The languageLB(P) is to be interpreted as a complete and atomic Boolean
Algebra, usually, but not necessarily as a set algebra.

The interpretation is therefore a homomorphismℑB : LB(P) 7! A whereA
is a complete and atomic Boolean Algebra.1

ℑB satisfies a Boolean axiomϕ =>, i.e.
ℑB j= (ϕ =>) iff ℑB(ϕ) =>A.

Since the languageLB(P) andLE do not share any symbols, we can define
a combined interpretationℑBE as the union of the interpretationsℑB andℑE.
The interpretation of the bridging function symbols also becomes part ofℑBE.

The interpretation of the bridging function symbols inF can, but need not
be fixed. Certain structural conditions, however must be satisfied. First of all,
bridging functions must be type conform. That means for a bridging function
symbol f with n Boolean arguments andm LE-arguments, a combined inter-
pretationℑBE( f ) must map tuples consisting ofn elements of the Boolean
Algebra andmelements ofE’s domain to an element ofE’s domain.

But there is the extra requirement ofadditivity, which is essential for mak-
ing the atomic decomposition work. If a bridging function is applied to the
join of two disjoint objectsx andy of a Boolean Algebra (xuA y=?A), then
it must be possible to apply the bridging function tox andy separately and
then combine the result. For the set cardinality function for example, this is a
very natural property:jx[yj= jxj+ jyj, providedx andy are disjoint.

To ensure additivity, we require that theadditivity axiomsare satisfied,
either by building them into the system, or by making them an explicit part

1 In many practical applications,A is even finite. We have not investigated the
case whereA is not complete or not atomic.
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of a specification. The additivity axioms are special interaction axioms for
fibring functions in the sense of Gabbay (Gabbay, 1996; Gabbay, 1998).

DEFINITION 3.1. (Additivity Axioms).
The additivity axioms for a bridging function f2 F with arity n+k are:
xuy=?! f (: : : ; ti�1;xty; ti+1; : : :)
* = gi( f (: : : ; ti�1;x; ti+1; : : :); f (: : : ; ti�1;y; ti+1; : : :))
for each i2 f1; : : : ;ng of the Boolean argument positions, where gi(x;y) is
some term inLE.

EXAMPLES 3.2. If x\y= /0 thenjx[yj = jxj+ jyj. Therefore the bridging
function ‘cardinality’ is additive for set algebras and the function g1 in the
definition above is the addition of numbers.

The same holds if the function ‘combined fortune’ f in the example above
is interpreted in the intended way. The situation for the bridging function ‘av-
erage income’ ‘a’ mentioned in the same example is a bit more complicated.
To get the intended behaviour, we have to require

a(xty) =
jxja(x)+ jyja(y)

jxj+ jyj
:

In a different setting we may map the Boolean Algebra terms to, say, sets
of axioms of some logic, and the algebra E consists of the set of models of
this logic. A bridging function may now be a function M mapping axiom sets
to sets of models. This function is additive as well because

M(xty) = M(x)\M(y)

holds. Here the function g is set intersection.

DEFINITION 3.3. (Problem specification).
A problem specificationnow consists of three parts

1.a setA of Boolean axioms,
2.a setE of LBE(P) formulae,
3.the bridging function additivity axiomsB for each bridging function (Def.

3.1).

Thesatisfiabilityproblem is to find out whether such a specification is con-
sistent, i.e. it has an interpretation satisfying all three parts.
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4. ATOMIC DECOMPOSITION

The Boolean languageLB(P) is isomorphic to the propositional formula lan-
guage. The correspondences areu � ^, t � _, 0 � :,v�!, =�$. There-
fore we can also have interpretations into binary truth values. As algebraic
objects, these binary truth value interpretations are homomorphisms,M :
LB(P) 7! 2. Therefore we can summarise the situation in the following pic-
ture.

LB(P)

2 A UF(A)

M ℑB

ι

PROPOSITION 4.1. (Models and ultrafilters).
LetA be a consistent set of Boolean axioms andℑB : LB(P) 7! A be an inter-
pretation satisfyingA . There is a (surjective) on-to mapping µ from the set of
propositional models ofA to the set of ultrafilters of A.

Proof: A induces an equivalence relation onLB(P) terms such thatℑB as a
model ofA maps equivalent formulae to the same element ofA. Each element
x in A is therefore the imageℑB(cx) of some BooleanA-equivalent termscx.
For eachx in A we therefore choose a Boolean termcx with ℑB(cx) = x.
ℑB(c0x) = x0A is automatically guaranteed.

a) Letmbe a propositional model ofA . We define

µ(m) =def fℑB(c) jm j= cg

and check the properties 1 – 4 of ultrafilters (page 61).
1.) forx2A, eithermj= cx or mj= c0x. Therefore eitherx2 µ(m) or x0A 2 µ(m).
2.) xuA y2 µ(m) iff m j= cxu cy iff m j= cx andm j= cy iff x2 µ(m) andy2
µ(m). The proof for the third condition is analogous and the fourth condition
is trivial.

b) LetF be an ultrafilter inA. We definem= µ�1(F) to be a propositional
interpretation such that

m j= c iff ℑB(c) 2 F:

Using the conditions 1 – 4 for ultrafilters again, it is straightforward to prove
thatm is an interpretation.msatisfiesA becauseℑB satisfiesA and therefore
it maps all termsψ with ‘ψ =>’ 2 A to>A. Thus,ℑB(ψ) 2 F and therefore
m j= ψ.



AUGMENTING A FORMAL SYSTEM WITH A BOOLEAN ALGEBRA 67

The definitions in a) and b) guaranteeµ(µ�1(F)) = F . The mapping is not
injective. For example in the extreme case whereA is the binary Boolean Al-
gebra2, there is only one ultrafilter consisting off>g only. All propositional
models are mapped to this single ultrafilter.

As a consequence of Stone’s representation theorem we also get an on-to
mapping from the propositional models ofA to the atoms inA, providedA
is complete and atomic. In this case the isomorphismι yields a one-to-one
mapping betweenA’s atoms andA’s ultrafilters, which are the atoms ofι(A).
Thereforeν(m) =def ι(µ(m)) yields for a modelma corresponding atom inA.

COROLLARY 4.2. (Propositional Models and Atoms).
If A is complete and atomic there is an on-to mappingν from the set of propo-
sitional models ofA to the set of atoms in A.

Furthermore we have for each x= ℑB(c) in A, atom a in A and for each
propositional model m withν(m) = a:
avA x iff m j= c.

EXAMPLE 4.3. Let us illustrate this with a fragment of the introductory
example. Suppose the Boolean axiomatization is

A = fsonsv children;daughtersv childreng:

This corresponds to the propositional clause set

ff:sons;childreng;f:daughters;childrengg;

which has five models:

1:f:sons;:daughters;:childreng 2:f:sons;:daughters;childreng
3:f:sons;daughters;childreng 4:fsons;:daughters;childreng
5:fsons;daughters;childreng:

Each of these models corresponds to an area in Figure 2. The first one corre-
sponds to the area surrounding the circle, no children at all. The second one
corresponds to c, the third one to cd, the fourth one to cs and the fifth one to
csd. These are the atoms of the Boolean Algebra consisting of the set of sets
which can be obtained by forming their set-union.

We can now introduce a syntactic representation for the propositional
models ofA and extend the interpretationℑB to map the syntactic repre-
sentation of the models, let us call themsyntactic atoms, to the atoms ofA:

If m j= A thenℑB(m) =def ν(m) 2 A:
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The precise structure of the syntactic representation ofA ’s models can be left
to an implementation. Quite convenient is the representation we used in the
introductory example, as a set or string of Boolean variables.

Corollary 4.2 and (3.7) now yields the basis for our atomic decomposition
calculus

ℑB(c) =
G

mj=c;mj=A
ℑB(m)

for each Boolean termc.
This allows us to map Boolean terms to sets of syntactic atoms. A set of

such atoms denotes the join of the interpretations of its members. Therefore
we define for setsfm1; : : : ;mng of atoms

ℑB(fm1; : : : ;mng) =def ℑB(m1)tA : : :tA ℑB(mn):

DEFINITION 4.4. (Atomic Decomposition).We define a decomposition func-
tion αA which maps Boolean terms to sets of syntactic atoms (propositional
models ofA).

αA (p) = fm1; : : : ;mng where p is a Boolean variable
αA (xty) = αA(x)\αA (y) and mi j= p
αA (xuy) = αA(x)[αA (y)
αA (x0) = M nαA(x) M is the set of all models ofA :

Notice thatαA yields sets of syntactic atoms by performing set operations
on sets of syntactic atoms. This is no longer an operation within one of the
languages, but with datastructures of the corresponding implementation.

Using thatℑB(m1)uA ℑB(m2) =?A for two different atomsm1 andm2 it
is now straightforward to show with structural induction

ℑB(c) = ℑB(αA (c))(3.8)

for all Boolean termsc. For each ‘ψ =>’ 2A this means in particular>A =
ℑB(ψ) = ℑB(αA(ψ)) and therefore

αA (ψ) = set of all atoms inA:(3.9)

The next proposition confirms that the Boolean axiomsA are no longer needed
after the decomposition.

LEMMA 4.5. (Elimination of the Boolean axioms).
A specificationfA ;B ;Eg consisting of the Boolean axiomsA , the additivity
axiomsB and someLBE(P)-formulae E is satisfiable if and only iffB ;αA (E)g
is satisfiable.
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Proof: If fA ;B ;Eg is satisfied by some interpretationℑ, then because of
(3.8), the Boolean termsc andαA (c) are mapped to the same objects. There-
fore αA(E) is satisfied as well.

Now suppose there is some modelℑ for fB ;αA (E)g. ℑ maps the syn-
tactic atomsmi occurring inαA(E) to some objects in some domain. Let
M =def fk1; : : : ;klg =def fℑ(m1); : : : ;ℑ(mn)g where m1; : : : ;mn are all syntactic
atoms. We define the Boolean AlgebraA to be the powerset algebra ofM.
A is complete and atomic. The atoms inA are just the objectsℑ(m) where the
mare the syntactic atoms.

ℑ is extended toℑB such thatℑB maps Boolean variablesp to fℑ(m) j
m2 αA (p)g. Because of (3.9), it maps eachψ with ‘ψ =>’ 2A to the inter-
pretation of the set of all atoms, which is just the top element inA. Thus,ℑB

satisfiesA .
Structural induction using definition 4.4 yieldsℑB(c) = ℑB(αA (c)). Since

ℑ satisfiesαA (E), ℑB now must satisfyE. Thus, the original specification is
satisfiable.

Having eliminated the Boolean part, we use now the additivity axiomsB
to eliminate the bridging functions together with the atoms introduced byαA .
This is done in two steps. In the first step we eliminate the additivity axioms.

LEMMA 4.6. (Elimination of Additivity Axioms).
LetfB ;E0g be a decomposed specification and let E00 =def ρ(E0) be the result of
an exhaustive left to right application of the equations inB to E, taking the
setsfm1; : : : ;mkg as joins m1t : : :tmk. (The bridging functions in E0 then
occur only with a single atom m as argument, no longer with a set of atoms).
fB ;E0g is satisfiable iff E00 is satisfiable.

Proof: The additivity axioms inB are conditioned equations. The conditions
xu y are satisfied for atomsx andy. Thus, the equation itself can be used as
rewrite rules. Using them as rewrite rules is an equivalence transformation.
Thus,E0 andE00 are equivalent, givenB . What remains to be shown is that
whenever there is a model forE00, there is also one satisfyingB . Let ℑ sat-
isfy E00. As in the proof of proposition 4.5 we construct the algebraA as the
powerset algebra of the interpretations of themi. Starting with the interpreta-
tions of themi as atoms of the powerset algebra, each of its elements can now
be constructed as the join of some smaller elements. Therefore we can take
the additivity axioms for the bridging functionsf themselves as a recursive
definition for the values off (x1; : : : ;xn;s1; : : : ;sk). The basis of the recursion
is the interpretation of the termsf (m1; : : : ;mn;s1; : : : ;sk) for the atomsmi,
which is provided byℑ. This way we get an interpretation satisfyingB and
E.
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The last step is now to eliminate the bridging termsf (m1; : : : ;mn, s1; : : : ;sk)
in the transformed specificationE00. If k = 0, each such term can just be re-
placed by a new (existentially quantified)LE-variable or constant symbol. If
k > 0, f (m1; : : : ;mn, s1; : : : ;sk) is translated into a termf 0m1;:::;mn

(s1; : : : ;sk)
where f 0m1;:::;mn

is a fresh newLE-function symbol.

LEMMA 4.7. (Elimination of the Bridging Functions).
We define a replacement operationβ which replaces all bridging function
symbols f with n Boolean and kLE-arguments by correspondingLE-terms.
β introduces for each term f(m1; : : : ;mn; : : :) a newLE-function (or constant)
symbol f0m1;:::;mn

and replaces terms f(m1; : : : ;mn, s1; : : : ;sk) with
f 0m1;:::;mn

(s1; : : : ;sk).
E00 is satisfiable if and only ifβ(E00) is satisfiable.

Proof: If E00 is satisfied by some interpretationℑ we just choose
ℑ( f 0m1;:::;mn

)(x1; : : : ;xk) =def ℑ( f (m1; : : : ;mn;x1; : : : ;xk)).
This guarantees thatβ(E00) is satisfied as well.
For the other direction, supposeℑ satisfiesβ(E00). For the interpretation

of the termsf (m1; : : : ;mn;s1; : : : ;sk) we just map the atomsmi to themselves
and define the interpretation of the bridging functionsf to be

ℑ( f )(m1; : : : ;mk;x1; : : : ;xk) =def ℑ( f 0m1;:::;mn
)(x1; : : : ;xk):

This is possible because neither the atomsmi nor the bridging functionsf
occur inβ(E00). The termsf (m1; : : : ;mn;s1; : : : ;sk) in E00 are now interpreted
exactly like the termsf 0m1;:::;mn

(s1; : : : ;sk) in β(E00). Nothing else is changed
and thereforeE00 is satisfied as well.

As a consequence of the lemmas 4.5, 4.6 and 4.7 we get a general sound-
ness and completeness result.

THEOREM 4.8. (Soundness and Completeness).
A problem specification(A ;E ;B) is satisfiable iff and only ifA is satisfiable
and the transformed specificationβ(ρ(αA(E))) is satisfiable.

The inference procedure derived from this theorem comprises the follow-
ing steps: in order to check satisfiability of a combined specification(A ;E ;B),
first compute the syntactic atoms derived from the propositional models of
A . If there are no models then the specification is unsatisfiable. If there are
models, decompose the Boolean terms occurring inE into sets of syntactic
atoms. Use the additivity axioms inE to push the bridging functions down
to the level of single atoms. Then replace the resulting ‘bridging terms’ with
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variables or composedLE-terms, and check the result with anE-satisfiability
checker.

If satisfiability inE is decidable we get a decision procedure for the com-
bination with the Boolean language. Satisfiability for this combination is then
decidable as well. However, if the decision problem inE is exponential, the
complexity of the combined procedure does may get double exponential be-
cause exponentially many new variables may be introduced. In section 5 be-
low this problem is discussed in more detail.

EXAMPLE 4.9. Using our method, it is quite straightforward to enrich clas-
sical propositional logic with a component for reasoning about sets. The
bridging functions are just predicates on sets.

As an example, consider again the specification (3.6) of children parti-
tioned into sons and daughters. As bridging function we take the predicate
beauti f ul. beauti f ul(x) is intended to mean ‘every element of x is beautiful’.
The additivity axiom is now

beauti f ul(xty) = beauti f ul(x)^beauti f ul(y):

This holds even without the condition of x and y being disjoint.
The formulae in the combined language are for example

1) beauti f ul(children)
2) beauti f ul(daughters) ! happy- f ather:

The decomposition turns 1) into beauti f ul(sons)^beauti f ul(daughters) and
leaves 2) essentially the same. Replacing the bridging function terms with
new predicate symbols yields the pure propositional formulae

beauti f ul-sons
beauti f ul-daughters
beauti f ul-daughters! happy- f ather

from which happy- f ather can be derived with Modus Ponens.

EXAMPLE 4.10. If the basic logic E is first-order predicate logic, we can
enrich this logic with Boolean terms as arguments of the predicates, provided
the additivity axioms hold. Typically they would again look like

p(xty; : : :) = p(x; : : :)^ p(y; : : :):

The first steps of the procedure transforms each literal p with a Boolean term
as argument into p(fm1; : : : ;mkg; : : :). Instead of applying the additivity ax-
ioms now, which might yield a big conjunction for the positive literals and a
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big disjunction for the negative literals, one can build them into a new theory
resolution rule:

p(fm1; : : : ;mkg;s);C
:p(fu1; : : : ;ulg;s0);D sσ = s0σ
(p(fm1; : : : ;mkgnfu1; : : : ;ulg;s);C)σ:

5. OPTIMISATIONS

A formula with l Boolean variables may in the worst case have 2l models.
For all of them one has to generate syntactic atoms. This makes the whole
approach questionable. Fortunately there are some optimisations which can
reduce the number of syntactic atoms considerably.

5.1. Relevancy Principle

A Boolean variablep occurring in the Boolean axiomsA of some problem
specification(A ;B ;E), but not in theE-formulaeE does not contribute much
to the problem solution. Boolean variables are implicitly existentially quan-
tified. That meansA is in fact short for9p A if p does not occur inE . A
is a propositional formula, and therefore the existentially quantifiedp can be
eliminated using a quantifier elimination procedure (Gabbay and Ohlbach,
1992). The result is some formulaA 0 which is equivalent to9p A , but does
not containp. In the propositional case, elimination of the existentially quan-
tified p amounts to generating all resolvents withp in the clause form ofA .
The resolvents represent all consequences ofp and thereforep is no longer
necessary (Ackermann, 1935).

This way one can have large databases of Boolean axioms, but for the
actual problem at hand, the atomic decomposition takes into account only the
relevant Boolean variables.

5.2. Factoring Principle

A Boolean axiomatizationA which can be split into separate partsA1; : : : ;Ar

such that the parts mutually do not share Boolean variables, simplifies the
atomic decomposition as well. The set of propositional models forA can
be factored into the productM1�; : : : ;�Mr of the set of models for theAi .
The mappingµ from the set of propositional models to the set of ultrafil-
ters of the algebraA, we established in proposition 4.1, implies that the
ultrafilters, and thus the whole algebraA can be factored into the product
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A1� : : :�Ar of its components. The atoms of such a product have the form
(: : : ;?i�1;ai ;?i+1; : : :) whereai is an atom ofAi and all other components
are the bottom elements of the other algebras.

This can be exploited for the representation of the syntactic atoms. They
can have the form(: : : ;?;mi;?; : : :) wheremi is a syntactic atom of the com-
ponentMi. A further simplification is possible by just storingmi and labelling
it with the information ‘belongs toMi ’.

This reduces the overall number of syntactic atoms fromjM1j � : : : � jMr j to
jM1j+ : : :+ jMr j, which is an exponential improvement.

The meaning of this simplification makes sense also from an application
point of view. As an illustration, consider someA axiomatizing, say family
relationships as in the introductory example, and in addition relationships be-
tween the makes of cars. If there are no axioms saying something about the
union or intersection of people and cars, then the factoring operation implic-
itly imposes that there is no object which is at the same time a person and a
car. Therefore the whole Boolean Algebra is split into the part with sets of
people and the part with sets of cars. People and cars together are represented
by tuples in the product algebra. On the calculus side we therefore get syntac-
tic atoms which represent either people or cars, but none for the intersection
of both.

6. EXTENSIONS TOOTHER ALGEBRAS

Many other algebras are extensions of Boolean Algebras. Relational Algebras
provide composition and inverse of binary relations. Boolean Algebras with
operators are the algebraic counterparts of modal logics (Jónsson and Tarski,
1951). Both have useful applications in computer science and the knowledge
representation area. In particular Boolean Algebras with operators bring extra
dimensions into a logical system, for example time dependency.

The elements of these algebras are still elements of the underlying Boolean
Algebra, and all terms in the syntactic representation denote elements of this
Boolean Algebra. Therefore in principle the mechanism of atomic decompo-
sition still should work. Unfortunately there are in general infinitely many
terms, which means that the syntactic representation of the atoms may be-
come infinite. In many cases, however, the relevancy principle can help. We
must make sure that only the terms occurring in the problem at hand, or at
least a finite superset of them is needed, and all others can be ignored. In
this case the representation of the atoms becomes finite again. For the finitely
many relevant terms one can first compute the atoms as ordinary proposi-
tional models where all the terms in the extension of the Boolean Algebra are
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treated as Boolean variables. These atoms are conjunctions of terms in the
language of the extension of the Boolean Algebra. For each of these conjunc-
tions one has to check whether they are consistent in the extended algebra,
using a decision procedure for this algebra. The inconsistent conjunctions are
deleted from the atomic decomposition. If satisfiability in the extended alge-
bra is decidable then there are only finitely many tests to be done, and the
decomposition method works.

The problem to ensure that only a finite superset of the terms occurring
in the problem specification is needed, is in many algebras related to a finite
model property. For example in the algebra corresponding to the modal logic
K, the finite model property yields that there is always a finite tree model
as deep as the maximal number of nestings of modal operators occurring in
the problem (Chellas, 1980). For all modal terms with deeper nestings, the2

versions become> and the3 versions become?.
The finiteness condition has to be analyzed for each class of algebras, but

for may cases well known results can be exploited for this purpose.

7. SUMMARY

Sophisticated inference procedures as for example mathematical program-
ming techniques are usually restricted to the language they have been devel-
oped for. Any extension of the language is extremely difficult to incorporate
into the procedure.

In this contribution we have developed a technique for incorporating a
Boolean component into such a language without affecting the calculus. With
the atomic decomposition of the Boolean terms we were able to eliminate
the Boolean component completely from a mixed problem specification and
reduce the given problem to the language of the basic system.

In the Boolean component one can axiomatize sets and set-theoretic rela-
tionships between them. The interface between the two languages is provided
by a set of ‘bridging functions’. They map the sets to objects of the basic sys-
tem. Different bridging functions can be used simultaneously to deal with
different features of the sets. A typical such bridging function is the cardinal-
ity function mapping sets to non-negative integers. Any inference system that
can deal with arithmetic can therefore be used to reason about cardinalities
and other numeric attributes of sets.

An interesting feature of our approach is the fact that more information
at the Boolean side, i.e. more Boolean axioms, in general simplifies matters.
More Boolean axioms usually means less propositional models, which in turn
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means less syntactic atoms. Less syntactic atoms eventually means less vari-
ables to deal with in the arithmetic part.

We have sketched an extension of the method to more complex algebras
such as Relational Algebras or Boolean Algebras with operators. But the de-
tails for these extensions still have to be worked out.
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