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Abstract. Consider the following problem, that we call “Chordless Path through
Three Vertices” or CP3v, for short: Given a simple undirected graph G = (V, E),
a positive integer k, and three distinct vertices s, t,and v € V/, is there a chordless
path from s via v to ¢ in G that consists of at most & vertices? In a chordless path,
no two vertices are connected by an edge that is not in the path. Alternatively,
one could say that the subgraph induced by the vertex set of the path in G is
the path itself. The problem has been raised in the context of service deployment
in communication networks. We resolve the parametric complexity of CP3v by
proving it W [1]-complete with respect to its natural parameter k. Our reduction
extends to a number of related problems about chordless paths. In particular, de-
ciding on the existence of a single directed chordless (s, t)-path in a digraph is
also W[1]-complete with respect to the length of the path.

Keywords: graph theory, induced path, parameterized complexity.

1 Introduction

The number of specialized functions such as support for quality of service and protec-
tion against denial-of-service attacks, that is being built into network nodes is growing
continuously. Thus it is becoming increasingly difficult for network administrators to
use such sophisticated capabilities fully, especially when new services must be deployed
in a timely manner. The advent of reprogrammable network nodes, made possible by
cost-efficient network processors, has aggravated this issue as new capabilities may be
introduced into the network dynamically in order to provision a particular service.

An automated method to perform service deployment was presented in [20], and
several categories of services with similar deployment needs were introduced. This pa-
per focuses on chordless paths: these are paths for which no two nodes are directly
connected except along the path. Chordless paths are particularly relevant to the cate-
gory of path-based services, i.e., services that require each node of a path from a source
to a destination to be enabled with a common function. During the deployment of path-
based services, nodes are queried for specific service requirements to determine whether
they have the necessary capabilities to support a certain function. Such requirements are
specific to each service, so that it is not recommended to let nodes advertise all their
capabilities by default, which may even vary over time. Instead, on-demand query of
relevant nodes is the preferred alternative.



2 Robert Haas and Michael Hoffmann

Often it is necessary to query only a subset of the network nodes to determine
whether a path with the required capabilities exists. If such a path contains a chord,
there is a shorter path through the same set of nodes for this particular source/destination
pair. Thus, for this type of query we are interested in only chordless paths. In particular,
nodes that do not belong to any chordless path for a given source/destination pair are
irrelevant and do not have to be queried.

It has been shown that for typical Internet router-level topologies, a large fraction
of nodes do not belong to chordless paths [20]. To avoid unnecessary queries, it would
hence be desirable to decide the following problem efficiently.

Problem 1 (CP3v). Given an undirected graph G = (V, E), a positive integer k, and
three distinct vertices s, ¢, v € V, is there a chordless path from s via v to ¢ in G that
consists of at most k vertices?

But as we will prove in Section 4, this problem is W[1]-hard with respect to k; that is—
roughly speaking—it is unlikely that an algorithm exists whose complexity is bounded
by an arbitrary (say, doubly exponential) function in & but polynomial in the size of the
input graph. As another consequence [1, 8], there is probably no PTAS to compute an
(1 + £)-approximation for the shortest chordless (s, v, t)-path in time bounded by an
arbitrary function in ¢ but polynomial in the size of the input graph.

After summarizing some related results, we complement the above-mentioned hard-
ness claim in Section 3 by proving CP3v to be in W[1], that is, altogether W1]-
complete. Finally, Section 5 discusses how to extend our results for CP3v to a number
of problems concerning chordless paths in directed graphs.

Related Work The following problem is a slight generalization of CpP3v.

Problem 2 (Many Chordless (s, t)-Paths). Given a simple undirected graph G =
(V, E), positive integers k£ and ¢, and two distinct vertices s,¢ € V, is there a set
U C V of at most k vertices such that the subgraph induced by U in G is a disjoint
union of ¢ chordless (s, t)-paths?

This was shown to be Np-complete by Fellows [15], already for ¢ = 2, where it asks
for a chordless cycle of length at most & through s and ¢. Let us refer to this problem
as Cc2v. As any chordless cycle through s has to pass through one of the neighbors of
s, an instance of Cc2v can be solved by less than |V calls to an algorithm that solves
CP3v. In particular, this implies NP-completeness of CP3v. On the other hand, any
CP3yv instance can be converted to a CCc2V instance in constant time: add a new vertex
u to G and connect it to both s and ¢; now ask for a cycle through « and v of length at
most k& + 1. Hence, our T/ [1]-completeness result for CP3v also implies that Cc2v is
W1]-complete.

The hardness results for CP3v and Cc2v rely on graphs that contain many vertex-
disjoint (s, t)-paths. It is not difficult to see that in planar graphs the existence of four
vertex-disjoint (s, t)-paths basically® implies the existence of a chordless (s, v, t)-path.
While this argument immediately gives an O(3*n°) time algorithm for CP3v (for some
constant ¢ € IN), the more interesting question is whether Problem 2 is polynomial

1 Except for some trivial cases which can be easily sorted out.
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for planar graphs. This was answered in the affirmative for every fixed ¢ by McDi-
armid et al. [23,24].

If in Problem 2 we ask for vertex-disjoint paths only instead of requiring all paths
to be jointly chordless, the problem is polynomial for general graphs and every fixed
£, even for arbitrary source-target pairs (s;,t;), 1 < i < ¢ [27]. But it remains Np-
complete if ¢ is considered part of the input [21].

Deciding whether a graph contains a chordless path of length at least % is one of the
classical NP-complete problems (G123 in [19]). Bienstock [3,4] listed several other
NP-complete problems related to chordless paths:

— Does a graph contain a chordless path of odd length between two specified vertices?

— Does a graph contain a chordless cycle of odd length (> 3) through a specified
vertex?

— Does a graph contain a chordless path of odd length between any two vertices?

Note that these results do not imply the hardness of deciding whether there exists any
path/cycle of odd length in a graph. This question is still open, see the discussion below.

Chordless cycles of length at least four are also called holes. They are tightly con-
nected to Berge’s strong perfect graph conjecture [2], whose proof has recently been
announced by Chudnovsky et al. [9]. According to this conjecture, a graph is perfect?
iff it is Berge, that is, if it contains neither an odd hole nor the complement of an odd
hole. Hence, a polynomial time algorithm to decide whether there exists any odd hole
in a given graph would immediately imply that perfect graphs can be recognized in
polynomial time. Interestingly, no such an algorithm is known, although there are poly-
nomial time algorithms [11, 10] to decide whether a graph is Berge, even independent
of the strong perfect graph conjecture. Also, if the restriction to an odd number of ver-
tices is omitted, the presence of holes can be detected in polynomial time: for holes on
at least four vertices this is the well-studied recognition problem for chordal graphs [22,
28]. The problem of detecting holes on at least five vertices has recently been addressed
by Nikolopoulos and Palios [26].

2 Notation

For a graph G denote by V(G) the set of vertices in G, and denote by E(G) the set
of edges in G. For a vertex v € V, denote by N¢(v) the neighborhood of v in G, that
is, the set of vertices from V' that are adjacent to v in G. Similarly, foraset W C V
of vertices define Ng(W) := U,y Na(w). The subscript is often omitted when it
is clear which graph it refers to. A set I C V of vertices is an independent set in G if
E does not contain edges between any two vertices of 1. For a set W C V of vertices
denote by G[W] the induced subgraph of W in G, that is, the graph (W, E N (VQV)) or
(W, E N W?2) in the case of an undirected or a directed graph G, respectively.

A subgraph of G that has the form ({vi, ..., vi}, {{vi, viza} |1 <i<k}) is
called path of length k£ in G. Note that by the set notation we imply that v; # v,

2 In a perfect graph, the maximum number of pairwise adjacent vertices (clique number) for
each induced subgraph is equal to the minimum number of colors needed to color the vertices
in such a way that any two adjacent vertices receive distinct colors (chromatic number).
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for 1 <i,j < k and that the length of a path is defined as its number of vertices. The
vertices v; and vy, are referred to as the path’s endpoints, the other vertices are called
interior. Two paths are called vertex-disjoint iff they do not share vertices except for
possibly common endpoints. For two vertices s,t € V any path from s to ¢ in G is
called (s, t)-path. More generally, if vertices s, v, and ¢ appear on path P in this order,
we call P an (s, v,t)-path. A path P in G is called chordless if V' (P) is an independent
setin (V, E\ E(P)). An alternative equivalent definition would be to call a path P in
G chordless iff G|V (P)] = P. Hence, such paths are also known as induced paths.

Parameterized Complexity To cope with the apparent computational intractability of
NpP-hard problems, attempts were made to analyze more closely which parts or aspects
of the input render a particular problem hard. A prototypical example is Vertex Cover,
which asks for a set C of at most & vertices from a given graph G on n vertices such
that for each edge at least one endpoint is in C. The trivial observation that for any
edge at least one of the two incident vertices has to be in C, leads to an O(2%n) time
algorithm: choose an arbitrary edge and branch on the two possibilities, in both cases
removing one vertex and all incident edges from the graph. Hence, the intractability of
Vertex Cover is connected to the number £ of vertices in the cover rather than to the
size of the graph G. One says that Vertex Cover is fixed-parameter-tractable (FPT) with
respect to the parameter k because there is an algorithm that runs in O(f(k)p(n)) for
an arbitrary, typically exponential, function f and a polynomial function p.

Naturally, there are also problems for which it is not known whether their com-
plexity can be isolated into a particular parameter in this way. Moreover, similar to the
classical complexity classes, there are classes of parameterized problems that are hard
in the sense that if there is an Fp algorithm for any of them, then all of them are FpT.
The most important such class is called 1/ [1], which can be described in terms of the
following “canonical” problem.

Problem 3 (Weighted ¢-CNF-Satisfiability). Given positive integers ¢ and &, and a
boolean formula F' in conjunctive normal form such that each clause contains at most
q literals, is there a satisfying assignment for F' with at most & variables set to true?

A problem P parameterized by & is said to be m-reducible to a problem P’ parame-
terized by £’ iff there is a function h that maps an instance (z, k) of P to an instance
(', k") of P’ such that ¥’ = g(k) and =’ can be computed in time f(k)p(z), for arbi-
trary functions f and g, and a polynomial function p. Now W 1] is defined as the class
of parameterized problems that can be m-reduced to Weighted ¢-CNF-Satisfiability for
some constant g. Finally, a problem is W[1]-hard iff every problem in W[1] can be m-
reduced to it. A problem that is both W [1]-hard and in W[1] is called W [1]-complete.

At this point, we refer the interested reader to the literature for more in-depth in-
formation about parameterized complexity. The book of Downey and Fellows [13] pro-
vides a thorough treatment of complexity-theoretic aspects, whereas the survey of Nie-
dermeier [25] focuses more on algorithms.

3 Membershipin W[1]

In this section we analyze the parameterized complexity of CP3v and prove the problem
to be in W[1] with respect to its natural parameter, the path length. As a first step, note
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that a chordless (s, t)-path P is already determined by its set of vertices. For example,
only one neighbor z of s can be in V(P) because any later visit of another neighbor
would introduce a chord. Similarly, exactly one neighbor of z (other than s) can be in
V(P). In this manner P can be uniquely reconstructed from V' (P).

Proposition 4. A subgraph P of G is a chordless (s, t)-path if and only if P is con-
nected, s and ¢ have degree one in G[V'(P)], and all vertices other than s and ¢ have
degree two in G[V (P)]. O

We do not know how to reduce CP3v to Weighted ¢-CNF-Satisfiability. Instead, we
reduce to a different problem called SNTMC that is defined below. SNTMC is known to
be W[1]-complete [5, 14], and reduction to SNTMC and its relatives has proven to be a
useful tool to establish membership results within the W-hierarchy [6, 7].

Problem 5 (Short Nondeterministic Turing Machine Computation (SNTMC)).
Given a single-tape, single-head nondeterministic Turing machine M, a word = on the
alphabet of M, and a positive integer k, is there a computation of M on input « that
reaches a final accepting state in at most k steps?

Theorem 6. CP3v isin W[1] w.rt. k.

Proof. Consider an instance (G, s, v,t, k) of CP3v, where G = (V, E) is a simple
undirected graph, s,v,t € V, and k is a positive integer. We will construct an instance
(M, k") of SNTMC such that there is a computation for M that reaches a final accepting
state in at most &’ = k2 + 3k — 1 steps iff there exists a chordless (s, v, t)-path of length
at most & in G. (It is important that £’ depends on & only and not on n.) A schematic
view of the construction is shown in Fig. 1.

Let M = (X,Q,A,g1,{A}), where the alphabet X' is defined as X' := {0} U
{ow | u € V'}; the state set is

Q:={AR}U{gi|1<i<k}U{abc,dl,r}U{p,lueV}U {q|ueV};

the transition relation A : Q@ x X x Q x X' x {+, —,0} is defined below; the initial
state is g1; the final accepting state is A, and the final rejecting state is R. When the
Turing machine starts, all tape cells contain the blank symbol (OJ). The computation
consists of three phases: first, the at most & vertices of a chordless (s, v, t)-path P in G
are “guessed” by writing the sequence of corresponding symbols o, v € V(P), onto
the tape. The next two phases are completely deterministic and check that P visits s, v,
and ¢ in the order given, and that P is a chordless path in G.

First Phase: The Turing machine may write up to & arbitrary vertex symbols onto the
tape: (g;, 0, git1,0u,+) € A, forallu € Vandall 1 <i < k,and (9;,0, a,0,,0) €
A, forall w € Vand all 1 < i < k. (The transition specifies, in order, current state,
symbol under the head, new state after transition, symbol to write to the tape, and move-
ment of the head: + for right, — for left, and 0 for stay.) After the first phase, the Turing
machine is in state a and the sequence of between one and k vertex symbols starts at
the current tape cell, extending to the left.
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Second Phase: Check whether the guessed sequence visits ¢, v, and s, in order. The
rightmost symbol should be o;: (a, o+, b, 0+, —) € A. Then somewhere o, must appear:
(b,04,b,0,,—) € A, forallu € V\ {v},and (b, 0y, ¢, 0,,—) € A. The final symbol
has to be o: (¢c,0u,¢,04,—) € A, forall u € V \ {s}, and (c,05,d,05,—) € A.
Nothing may follow after s: (d,0,1,00,4+) € A. For all state/symbol combinations
that are not explicitly mentioned (for example, (b,0) or (a, o,)) there is a transition
to the final rejecting state R. After the second phase, the machine is in state [ and the
head points towards the leftmost of the symbols that have been guessed in Phase 1. The
content of the tape remains unchanged during Phase 2.

Third Phase: Scan and remove the first vertex: (I, o, pu, 0, +) € A, forall u € V.
If no more vertex is left at this point, we are done: (p,,00,A4,00,0) € A, for all
u € V. Otherwise, the next vertex should be adjacent: (p., 0w, qu,0w,+) € A,
for all uw,w € V for which {u,w} € E. Whatever follows must not be adjacent:
(Qus Ows Qus Tws +) € A, forall u,w € V with u # w and {u, w} ¢ E. If all vertices
have been checked, return to the leftmost: (¢,,,d,r,00,—) € A, forall w € V, and
(ryow,r,00,—) € A, forall w € V. Finally, re-iterate: (r,(0,7,00,4) € A. Again, all
state/symbol combinations that are not explicitly mentioned lead to the final rejecting
state R. Note that after the third phase, all tape cells contain the blank symbol again.
Phase 3 ensures that all vertices guessed in Phase 1 are distinct, as, otherwise the
right scan in state ¢,, for some v € V, fails. Moreover, because of the transition from
P t0 qu, the vertices chosen form a path P in G. The right scan in state ¢,, also ensures
that no two of the vertices are connected except along P. Finally, in Phase 2 we check
that the endpoints of P are s and ¢, and that P visits v. Altogether, the machine reaches
an accepting state iff it guesses the vertices of a chordless (s, v, t)-path of length at most
k in Phase 1. An easy calculation reveals that if £ symbols are written onto the tape in
Phase 1, the remaining computation consists of exactly k2 + 2k — 1 transitions. O

4 Hardnessfor W[1]

In this section, we prove that CP3v is W[1]-hard using a reduction from Independent
Set, which is one of the “classical” W[1]-hard problems [12].

Problem 7 (Independent Set). Given a simple undirected graph G = (V, E) and a
positive integer k, is there an independent set of size at least k in G?

Consider an instance of Independent Set, that is, a graph G = (V, E) and an integer
kE,1 <k < |V|andletV = {vy, ..., v,}. We construct a graph G’ from G such
that the answer to the CP3v problem on G’ provides the solution to the independent-set

problem on G.
The main ingredient for our construction is called vertex choice diamond: it consists
of n vertices v3, ..., v}, plus two extra vertices s* and ¢* connected to each of the n

vertices v; 1 < j < n, as shown in Fig. 2. Clearly, there are exactly n chordless
(st,t")-paths in such a diamond. As the naming of the vertices suggests, we associate
each of these paths with a vertex from G in a bijective manner: routing a path through
v; for some 1 < j < n, is interpreted as selecting v; to be part of the independent set
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Fig. 1. A schematic description of the Turing machine defined in the proof of Theorem 6. The
transition arrows are labeled by, in order, symbol under head, symbol to write, and head move-
ment. To increase readability the final rejecting state and all transitions to it have been omitted.

I to be constructed. The construction uses & such vertex choice diamonds, which are
connected by identifying s**! and ¢, forall 1 < i < k. Let us call the graph described
so far Gy, where VC stands for vertex choice.

Proposition 8. Any chordless (s, t*)-path of length £ in Gyvc corresponds to a set of

¢ — k — 1 vertices in G. O
v v v
vh vh vh
SZ tz Sl ti SZ tz
vy, vy, vy,

Fig. 2. A vertex choice diamond and three of its n chordless (s*, t)-paths.

The next step is to ensure that the vertex sets chosen by traversing G'v¢ on a chord-
less path correspond to independent sets in the original graph G. To accomplish this,
we construct G’ from two symmetric copies of G'vc. Denote the vertices in the first
copy C of Gyc by s', vj and t, whereas the vertices in the second copy I" of Gy are
referred to as o°, gaj, and ri,forl <i < kand1l < j < n.Thegraphs C and I" are
connected by identifying t* and 7*. The construction of G’ is completed by adding a
number of edges that encode the adjacency of G. An example is shown in Fig. 3.
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— There is an edge in G’ between v} and ¢}, forall 1 <i < kandall 1 < j,/ <n
with j £ £. Such an edge is called consistency edge.

— Forevery edge {v,, v,} in G, connect the vertex sets {v;,, !, } and {v/, 7}, for all
1 <i,7 < kwith ¢ # j, by a complete bipartite subgraph in G’. These edges are
called independence edges. _

— The vertices v} and ¢} are connected by an edge in G’ to all of the vertices v; and

@gj, forall 1 <i,j < k with i #£ j. These edges are called set edges.

(@ G. ) G’

(c) G’ (independence edges only).

Fig. 3. An example illustrating the construction of G’ for k£ = 2. Consistency edges are shown by
solid lines, independence edges by dashed lines, and set edges by dotted lines. The vertex labels
in G’ indicate the correspondence to the vertices from G: for example, the vertices labeled “1”
correspond to v1. The vertex t* = 7% is shaded dark.

Lemma 9. No chordless (s!, o!)-path via t* in G’ uses a consistency edge or an inde-
pendence edge or a set edge.

Proof. Let P be a chordless (s!,o')-path via t* in G’. Consider the initial part of P
which traverses (part of) the first vertex choice diamond of C. By construction of G’,
exactly one of the vertices v}-, 1 < j < nison P. (All of these vertices are neighbors
of s*.) Similarly, the final part of P contains exactly one of the vertices }, 1 < ¢ < n.
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Moreover, if £ # j vertices v} and ¢} are connected by an edge in G’. Hence, they
together with s! and o! induce an (s, o!)-path in G’ that does not visit v and cannot
be extended to a chordless path visiting v either. Thus, we may conclude that £ = j.

Furthermore, note that by construction v} and cp} have the same neighbors along
both independence and set edges. Thus, if P continues along an independence edge or
set edge from either vertex, it has to do so from the other vertex as well, as otherwise
the unused edge would form a chord, but, as above, P cannot reach ¢* in this case.

In summary, the initial part of P goes from s' via vjl-, forsome 1 < j < n, to
t' = s, and the final part of P is completely symmetric: from 7! via ¢} to o'. By
induction on k, the initial part of P is an (s', t*)-path @ that visits all s* in increasing
order, for 1 < i < n, without using any consistency, independence, or set edge, and the
final part of P is a (7", o' )-path that is completely symmetric to Q. a

Theorem 10. CP3v is W(1]-hard w.rt. k.

Proof. Given an instance (G, k) of Independent Set, we construct the graph G’ as de-
scribed above. The graph G’ contains 2k(n + 1) + 1 vertices. To compute the number
of edges in G’ note that there are 4kn edges in the 2k vertex choice diamonds, plus
kn(n — 1) consistency edges, 4mk(k — 1) independence edges, and 2nk(k — 1) set
edges, where n := |V(G)| and m := |E(G)|. Hence, G’ can be constructed from G in
time and space polynomial in both n and k.

Let P be a chordless (s!,o!)-path via t* of length at most 4k + 1 in G'. By
Lemma 9, P has a very special form: in particular, its length is exactly 4k + 1, and
it visits exactly one vertex v; from each of the vertex choice diamonds withl < <n.
Let I := {vj, € V(G) | v}, e V(P ) for 1 < i < n}. Suppose that vi = vl for some
1 <i,f < kwithi# £. As vj and 11” are connected by a set edge in G’ that is notin P
by Lemma 9, this set edge forms a chord of P, in contradiction to our assumption that
P is chordless. Therefore, the vertices vj visited by P correspond to mutually distinct
vertices in G, that is, together with Proposition 8 it follows [I| =2k +1 -k — 1 = k.

Furthermore, We claim that I is an independent set in G. Suppose that for two
vertices v' and v on P, 1 <i,¢ < kandi # ¢, the corresponding vertices v' and vj,
are nelghbors in G Then by construction vj and vj are connected by an mdependence
edge in G’. Again, this edge is not in P by Lemma 9, that is, it forms a chord of P, in
contradiction to our assumption that P is chordless. Therefore, no two vertices in I are
adjacentin G.

Conversely, it is easy to see that for any independent set I = {v, ’UQ, ey Uy}
(without loss of generality) of size at least k in G there is a chordless (s* ) path P
via t* of length 4k + 1 in G’ in the 4-th vertex choice diamonds, P visits v} and o, for
1 <1<k,

Therefore, we have a parameterized reduction from an independent set instance
(G, k) toa CP3v instance (G’, 4k + 1), establishing 1 [1]-hardness of CP3v. O

5 Chordless Pathsin Digraphs

The notion of chordless paths generalizes in a straightforward manner to digraphs.
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Problem 11 (Directed Chordless (s, t)-Path (DcP)). Given a simple digraph G =
(V, E), a positive integer &, and two distinct vertices s,¢ € V, is there a chordless
directed (s, t)-path of length at most & in G?

Fellows et al. [16] showed that Dcp is NP-complete even if restricted to planar digraphs.
Our constructions described above can easily be adapted to the directed setting.

Theorem 12. Dcp is W{1]-complete w.r.t. k.

Proof. In the Turing machine of Theorem 6 replace all conditions that require the exis-
tence of an edge by corresponding conditions requiring the presence of a directed edge.
Similarly, all conditions requiring the absence of an edge are replaced by corresponding
conditions disallowing both directed edges.

The construction described in Theorem 10 is modified as follows. In the vertex
choice diamonds direct all edges from s’ to v and from v to ¢*, forall 1 <4 < k and
all 1 < j < n. In the symmetric copy, direct all edges from 7 to ¢} and from ' to
o', forall 1 < i < kandall 1 < j < n. These orientations induce a linear ordering
(st,...,tF = 7k .. &%) on V(G'). The remaining edges, that is, the consistency,
independence, and set edges all are oriented from the vertex that is greater with respect
to this linear order to the smaller vertex. It is easy to verify that no chordless directed
(st,ot)-path can use a consistency, independence, or set edge. In fact, the orientation
is chosen such that any chordless directed (s*, o!)-path in G’ passes through t* = 7%,
although this is not required by definition, in contrast to CP3v. ad

As a consequence, also the following problem is W{1]-complete w.r.t. k. (Just add a
single directed edge (o, s') to the construction described in Theorem 12.)

Problem 13 (Directed Chordless Cycle). Given a simple digraph G = (V, E), a pos-
itive integer k, and a vertex s € V/, is there a chordless directed cycle of length at most
k through s in G?

Note that both problems are polynomial if the path or cycle is not required to be chord-
less: the maximum number k& of vertex-disjoint directed (s, ¢)-paths can be computed in
O(k|E|) time using flow techniques [17]. However, deciding whether there exist a di-
rected (s1,t1)-path and a directed (s, t)-path that are vertex-disjoint is NP-complete,
even fort; = s and to = s; [18].

Also, if the definition of chordless is relaxed to allow “back-cutting” arcs within
each path, Dcp restricted to planar graphs is polynomial, even for an arbitrary but fixed
number of chordless (s, t)-paths [24]. The existence of such arcs is the crucial differ-
ence between the directed and the undirected problem: in an undirected (s, ¢t)-path P
every edge joining two vertices that are non-adjacent along P can be used as a shortcut.
That is, the presence of any (s, t)-path implies the existence of a chordless (s, t)-path.
However, we will show below that admitting back-cutting arcs does not change the
parametric complexity of the problem for general graphs.

Definition 14. An (s, t)-path P in a graph G = (V, E) is called weakly chordless iff
P is a shortest (s, t)-path in G[V (P)].
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Observe that there is no difference between chordless and weakly chordless in undi-
rected graphs. But, in contrast to Dcp, the presence of a directed weakly chordless
(s,t)-path can be decided in linear time by a breadth-first search. However, the gener-
alization to several paths defined below is again TV [1]-complete, already for two paths.

Problem 15 (Many Weakly Chordless (s, t)-Paths). Given a simple digraph G =
(V, E), positive integers k and ¢, and two distinct vertices s,t € V,isthereasetU C V
with |U| < k such that G[U] is a disjoint union of £ weakly chordless (s, ¢)-paths?

Theorem 16. Two Weakly Chordless (s, t)-Paths is TW[1]-complete w.r.t. k.

Proof. Itis clear how to adapt the Turing machine construction of Theorem 6 to estab-
lish membership in W[1].

The construction described in Theorem 10 is modified as follows. First, add a di-
rected edge from o' to s!, and let s := t* = 7% and ¢ := s*. In the vertex choice
diamonds direct all edges from ¢' to v and from v} to s, forall 1 < i < k and all
1 < j < n. Likewise, in the symmetric copy direct all edges from 7* to ¢ and from
gp;'- toof, forall 1 <i < kandall 1 < j < n. Remove all independence and set edges
within the same diamond chain, such that all remaining independence or set edges are
between v§ and ¢b, forsome 1 < i,p < kand 1 < j, ¢ < n. Direct those edges from
v’ towards .

Consider (t*, s*)-paths P and Q in G’ such that G[V (P)UV (Q)] is a disjoint union
of weakly chordless (t*, s')-paths. The way the edges are directed, one of the paths, say,
P comes via the vertex choice diamonds and visits the vertices ¢*, s*,¢t*=1 .. . t! s,
in order. On the other hand, @ traverses the symmetric copy and visits the vertices
7k ok k=1 .71 o', in order, before finally reaching s* via the added edge. Because
there must not be any edge between P and @, we can argue as in Theorem 10 that the
vertices v;'- and % visited by P and @, respectively, correspond to an independent set
of size at most £ in G. ad

Acknowledgments We thank Yoshio Okamoto and Emo Welzl for helpful discussions.
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